The value function in the optimal detection problem for jump-times of a Poisson process satisfies a special system of functional-differential equations. In this paper, we investigate the system and prove the existence and uniqueness of its solution.
Introduction
This system appears in the form of a Bellman equation for the value function of the problem of optimal detection of jump-times of a Poisson process investigated by Donchev [2] . This problem is a generalization of the classical Poisson disorder problem (Shiryaev [5] , Davis [1] , and Wickwire [6] ) which is the following. Let {zt} be a Poisson process whose rate p changes from A to # < A at a random time 0. The time 0 is zero with probability x and if 0 > 0, then it is exponentially distributed with parameter a. The Poisson disorddr problem is to find a way of using only observations on {zt} to predict the value of 0, and to minimize some cost functional depending on the difference between 0 and its predicted value.
In this problem, the disorder occurs only once. Now, we suppose that a multiple Poisson change of the rate of {zt} occurs. We assume that this change takes place at the jump-times On, n _> 1 of some non-observed Poisson process {Yt} and that for the rate of{zt} p-A ifyt is odd and p-#ifytiseven. The rate of{yt} is equal to a and the apriori probability x P{Yo E {2n + 1,n >_ 0}} is given. A policy is any nondecreasing sequence of stopping times {r}, n >_ 1, w.r.t, the filtration generated by the process {zt}. The problem is to minimize some cost functional depending on all 0 n and rn, n >_ 1. Referring the reader for more details to Donchev 
/3-1(2 + fl/a)-a. Applying Newton's formula to the function 1(t) we get
(2.10)
It follows from (2.9)and (2.10)that
Let us note that the function l(t) is a solution of the homogeneous equation corresponding to (2.7) which appears in place of (2.7)if we consider equation (2.1) and the homogeneous equation corresponding to (2.3) rather than equations (1.2) and (2.3). Thus, both claims of the theorem follow from (2.4), (2.10), (2.11) and the remark after formula (2.4).
As follows from (2.11), the function 2(t) plays an important role in formula (2.9). Namely, it ensures the fulfillment of the identity C 1 -limt_.._U(t in (2.11). It is remarkable that the function f2(t)-(1 + e-t)2(t) is a global solution (i.e., on the whole real line) of equation (1. [--7,0] . However, in this case we will not be able to escape the singularity that (1.1) has at point t ln(c/2a+/l+(e/2) 2. To overcome these difficulties, we need a full characterization of the set of all solutions to equation (1.2) on the negative half-line.
Fundamental Functions and Their Properties
Denote by V(t,s) and U(t,s), the fundamental functions of equations (1.1) f'(t) ( 2asinh t) 1(, -!-a + fl aet)f(t) (resp. if(t) ( 2asinh t)-1(# + a + fl ae-t)f(t)), s < t < s + 7, with an initial condition f(s) 1. Solving these equations, we obtain the following expressions for the functions V(t,s) and U(t, s): Pemark: All results cited in the proof relate to the case when the functionaldifferential equation is given on the whole real line, whereas we consider it in th interval (-c,a-1/n]. However, setting in (3.10) a(t)=A(-l/n), B(t)= B(c-l/n), t> c-1In we get an equation which is defined on the whole real line and coincides with (3.10) in (-c,c-l/n] . Since all cited results hold true for the last equation, it follows that they hold for equation (3.10) Lemma 4.1: Let us set X(r,,t),= f2(r, 1 + file + e ("))(t), r < 7, where as in Theorem 3.1, f2((r, 1 + /a + e -t" ))(t) denotes the solution of equation (3.6) (4.5) and both V(t, cr) and U(t,r) being given by (3.1) and (3.2), respectively. Calculating the derivative of the function X(, t)-1-fl/a-et_ (1 + /a)gl(t + g2(t 1-fl/a-e-w.r.t, t we obtain the following expression: It is easy to verify that the number (1 +" +a f)/-(1 / fl/a)is less than m. Thus, the first factor in this expression is negative. On the other hand, simple calculations show that the second factor increases in t. Hence, it reaches its minimum at point t (r and this minimum is equal to me2r(1 + Xl ea) 1(1 + x2 ea) 1 > 0. Therefore, the function X(r,t)-1-//a-e -t increases on [r,r + 3'] and since X(cr, cr)-1-/a-e-0 it follows that (i) holds and that it attains its maximum at point t or+3'. Let us set t-r+3' in (4.3) and define a new function Ki(u so that Kl(ea) Kl(r + 3'). The function 1< l(u) is equal to: (4.12) Similarly, calculating the value of function K2(t)-e -t at point t-a +7 and making the substitution u-e a we obtain: [-7,0] and solve equation (1.1) with an initial condition etf2(t), tE [-7,0] . We shall show that, taking a suitable constant C in (4.16), we can escape the singularity that equation (1.1) has at point t lax 1. Then, since the coefficients of this equation are unbounded only in a neighborhood of this point, the existence and uniqueness of its solution will follow from the well-known result from the theory of linear functional-differential equations (Hale [4] , Theorem 6.1.1).
Let us set k lnx and take an arbitrary real 5 G (0, k A (7/2)). Then, it follows from the choice of 5 and formula (3.1) that the solution of equation (1.1) has the following representation in the interval [k-6, k fl(t)-fl)(t)+f2)(t)+Cf3)(t), C-const, te[k-6-/,k-6], (4.21) where fl)(t) is a solution of equation (1.1) with a zero initial condition and f2)(t) and f3)(t) are solutions of equation (3.5) with initial conditions on [-7, 0] 
